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TRACE-FREE CHARACTERS AND ABELIAN KNOT CONTACT
HOMOLOGY I
FUMIKAZU NAGASATO
Abstract. This paper explains and updates the results [19] given in the talk by the
author at the conference “RIMS Seminar, Representation spaces, twisted topological
invariants and geometric structures of 3-manifolds” held in 2012. Some of the results
in [19] have already been shown in [18]. This paper also modifies some statements in
[18, 19] with some progress.
This research is motivated by [12, 15] to investigate geometric properties of the cross-
section of the character variety of a knot with the hyperplanes defined by meridionally
trace-free (traceless) conditions, which section we call the trace-free slice of the character
variety of a knot (or of a knot, simply). In [18], we have given a set of equations associated
with a diagram of a knot whose common solutions coincide with the trace-free slice. This
gives us a strong tool to describe exactly the relationship between the trace-free slice,
degree 0 abelian knot contact homology and the character variety of the 2-fold branched
cover of the 3-sphere branched along the knot. Using this, we give a notion called ghost
characters of a knot and conditions on them to check
(1) when Ng’s conjecture concerned with the above relationship does not hold,
(2) when the map Φ̂ : S0(K)→ X(Σ2K) constructed [22] is not surjective.
Recently, Christopher R. Cornwell [4] translated the results in [19] on the above rela-
tionship into the language of “reflective augmentation” by using [18, 22].
1. Introduction
The first purpose of this paper is to show a set of equations associated to a diagram of
a knot K or a Wirtinger presentation of the knot group G(K) such that their common
solutions, denoted by S0(K), gives an “embedding” (one-to-one correspondence) of the
set of characters of trace-free SL2(C)-representations of G(K) in certain complex space
(Theorem 2.1, cf. [18, Theorem 1.1]). This set S0(K), which we call the trace-free slice
of K, is a closed algebraic subset of the character variety of G(K). As is well known, the
character varieties and the Culler-Shalen theory [5] on them have been giving powerful
tools and are now playing important roles mainly in geometry and topology. The trace-free
slice S0(K) is no exception, either. One of the remarkable results is that the Casson-Lin
invariant [12] of a knot K, using trace-free SU(2)-representations of G(K), gives a Gauge
theoretic description of the knot signature. Our present research on S0(K) is originally
motivated by speculating about the landscape of an SL2(C)-version of the Casson-Lin
invariant and S0(K). (Refer to [17, 19, 22] etc.)
On the other hand, in [23] L. Ng discovered a framework to construct a homology via a
conormal unit bundle associated to a knot in the 3-space R3 using an idea of Legendrian
contact homology. In general, the framework seems to be less manageable, however, he
found its combinatorial and topological descriptions of the degree 0 part of the homology.
Using them, he constructed a knot invariant, called the knot contact homology. A few
topological properties of the knot contact homology has been found so far, however, they
are outstanding. One of the most interesting properties is the correspondence (Conjecture
1
4.3, cf. Conjecture 4.4) of the abelianization of the knot contact homology, called degree
0 abelian knot contact homology, and the coordinate ring of the character variety of the
2-fold branched covering of the 3-sphere S3 branched along a knot. The correspondence
is still unclear in general. The second purpose of this paper is to reveal the mechanism
of the correspondence by using the trace-free slice S0(K) and the associated algebraic set
F2(K) of a knot K. Then we introduce an obstruction, called a ghost character of a knot
(Definition 4.7), to the correspondence to be true (Theorem 4.9 (3)).
To discuss the details on the above, in the following sections, we will first review the
character varieties and the trace-free slices (Section 2) and next show Theorem 2.1 (Section
3) with some observations on S0(K) using F2(K). Then we will apply Theorem 2.1 to
understand the mechanism of Ng’s conjecture (Conjecture 4.3, cf. Conjecture 4.4) with
discussing degree 0 abelian knot contact homology HCab0 (K) (Section 4). To look into
this, we will introduce the ghost characters of a knot (Definition 4.7) to give an obstruction
for (HCab0 (K)⊗C)/
√
0 to be the coordinate ring of the character variety X(Σ2K) of the
fundamental group π1(Σ2K) of the 2-fold branched covering of S
3 branched along the
knot K (see Proposition 4.6, Theorems 4.8 and 4.9).
2. Trace-free slice S0(K) of a knot K
2.1. The character variety X(G) of a finitely presented group G. Let G be a
finitely presented group generated by n elements g1, · · · , gn. For a representation ρ :
G → SL2(C), we denote by χρ the character of ρ, which is the function on G defined by
χρ(g) = tr(ρ(g)) (∀g ∈ G). By [9], the SL2(C)-trace identity
tr(AB) = tr(A)tr(B)− tr(AB−1) (A,B ∈ SL2(C))
shows that tr(ρ(g)) for an unspecified representation ρ and any g ∈ G is expressed by
a polynomial in {tgi(ρ)}1≤i≤n, {tgigj(ρ)}1≤i<j≤n and {tgigjgk(ρ)}1≤i<j<k≤n, where tg is so-
called the trace function defined by tg(ρ) = tr(ρ(g)). Then the character variety of
G, denoted by X(G), is defined as the image of the set X(G) of characters of SL2(C)-
representations of G under the map t
t : X(G)→ Cn+(n2)+(n3), t(χρ) =
(
tgi(χρ); tgigj (χρ); tgigjgk(χρ)
)
.
Here trace function tg is extended for the characters by tg(χρ) = tg(ρ). The resulting set
turns out to be a closed algebraic set (refer to [5]). By definition, the coordinates of X(G)
varies by a biregular map (an isomorphism) if we change the generating set of G. Hence
X(G) is an invariant of G up to biregular map.
Now, let us focus on the character varieties of knot groups. For a knot K in S3, we
denote by EK the knot exterior, and by G(K) the knot group, i.e., the fundamental group
π1(EK) of EK . Given a knot diagram DK with n crossings, by Wirtinger’s algorithm we
obtain the Wirtinger presentation associated to DK :
G(K) = 〈m1, · · · , mn | r1, · · · , rn〉,
where mi (1 ≤ i ≤ n) is a meridian for the ith arc of DK , and rj (1 ≤ j ≤ n) is a word
in m1, · · · , mn associated to the jth crossing (refer to [3, 10] etc.). If the sth crossing in
2
DK is seen as
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then we call the triple (i, j, k) (j < k) a Wirtinger triple. In this case, rs may be taken as
mimjm
−1
i m
−1
k . By the map t, we can construct the character variety X(K) = X(G(K))
associated with the above Wirtinger presentation by
X(K) = X(G(K)) = {(tmi; tmimj ; tmimjmk) ∈ Cn+(
n
2)+(
n
3) | χρ ∈ X(G(K))}.
2.2. The trace-free slice S0(K) of a knot K. This paper focuses on a special class of
representations of the knot group G(K), called (meridionally) trace-free representations1.
Let µK be a meridian of K. A representation ρ : G(K)→ SL2(C) is said to be trace-free
if tr(ρ(µK)) = 0 holds. We call its character χρ a trace-free character. The set S0(K) of
trace-free characters gives us a subset of X(K) = X(G(K)):
S0(K) = {χρ ∈ X(K) | χρ(µK) = 0}.
Again, by [5], S0(K) can be realized as an algebraic subset of the character variety X(K),
denoted by S0(K). By definition, S0(K) can be thought of as the cross-section of X(K)
cut by the hyperplane tµK (χρ) = 0. Since any meridians are conjugate, for a Wirtinger
presentation G(K) = 〈m1, · · · , mn | r1, · · · , rn〉, tµK (χρ) = 0 means tmi(χρ)) = 0 for any
1 ≤ i ≤ n. So we have
S0(K) = t(S0(K)) ∼=
{(
tmimj (χρ)); tmimjmk(χρ)
) ∈ C(n2)+(n3)∣∣∣χρ ∈ S0(K)} .
We call this set of points the trace-free slice of X(K) (or of K, simply). The trace-free
slices have several interesting topological information, for example, a relationship to the
knot signature [12], the A-polynomial of a knot [16], the connected sum of knots [17] a
2-fold branched covering structure coming from metabelian representations [13, 22], and
degree 0 abelian knot contact homology [4, 15, 19] etc.
One of the main results in the present paper is to give concretely a set of equations
whose common solutions coincide with the trace-free slice S0(K).
Theorem 2.1 ([18], cf. Theorem 3.2 in [9]). Let G(K) = 〈m1, · · · , mn | r1, · · · , rn〉 be
a Wirtinger presentation. Then the trace-free slice S0(K) is isomorphic to the following
algebraic set in C(
n
2)+(
n
3):
S0(K) =
{
(x12, · · · , xnn−1; x123, · · · , xn−2,n−1,n) ∈ C(
n
2)+(
n
3)
∣∣∣ (F2), (H), (R)} ,
where (F2), (H) and (R) are the equations defined as follows:
(F2): the fundamental relations
xak = xijxai − xaj ,
(1 ≤ a ≤ n, (i, j, k) : any Wirtinger triple),
1These are also called traceless representations.
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(H): the hexagon relations
xi1i2i3 · xj1j2j3 = 12
∣∣∣∣∣∣
xi1j1 xi1j2 xi1j3
xi2j1 xi2j2 xi2j3
xi3j1 xi3j2 xi3j3
∣∣∣∣∣∣ ,
(1 ≤ i1 < i2 < i3 ≤ n, 1 ≤ j1 < j2 < j3 ≤ n),
(R): the rectangle relations∣∣∣∣∣∣∣∣
2 x12 x1a x1b
x21 2 x2a x2b
xa1 xa2 2 xab
xb1 xb2 xba 2
∣∣∣∣∣∣∣∣ = 0 (3 ≤ a < b ≤ n),
with xii = 2, xji = xij and xiσ(1)iσ(2)iσ(3) = sign(σ)xi1i2i3 for any element σ of the permuta-
tion group S3 of degree 3.
The coordinates xij and xijk correspond to −tmimj (χρ) and −tmimjmk(χρ), respectively.
Note that by the fundamental relation (F2) for a Wirtinger triple (i, j, k) and a = i, we
have xik = xij and so (F2) is symmetric on the indices j and k corresponding to underarcs.
3. A proof of Theorem 2.1
The proof of Theorem 2.1 heavily relies on the work in [9], which gives a family of
polynomials ([9, p.639]) such that their common zeros determine the character variety
X(F ) of a finitely generated free group F . We first review their work and then explain
the trace-free version, which plays an important role in the proof of Theorem 2.1.
3.1. Character varieties of trace-free representations of finitely generated free
groups. For a finitely generated free group Fn = 〈m1, · · · , mn〉 and an unspecified rep-
resentation ρ of Fn into SL2(C), let xi1···ik = −tmi1 ···mik (χρ). Then, by [9], the character
variety X(Fn) of Fn is given by the zero locus of the polynomials of type (P1) through
(P4):
(P1): x2abc + Pabcxabc + Qabc for 1 ≤ a < b < c ≤ n, where Pabc and Qabc are the
following polynomials:
Pabc = xaxbc + xbxac + xcxab + xaxbxc,
Qabc = x
2
a + x
2
b + x
2
c + x
2
ab + x
2
ac + x
2
bc − xabxacxbc
+xaxbxab + xaxcxac + xbxcxbc − 4,
(P2): Q12ab for 3 ≤ a < b ≤ n, where Qabcd is the determinant
Qabcd =
∣∣∣∣∣∣∣∣
−xaa −xab −xac −xad
−xba −xbb −xbc −xbd
−xca −xcb −xcc −xcd
−xda −xdb −xdc −xdd
∣∣∣∣∣∣∣∣ ,
(P3): for any 4 ≤ a < b ≤ n,∣∣∣∣∣∣∣∣
−x11 −x12 −x13 −x1a
−x21 −x22 −x23 −x2a
−x31 −x32 −x33 −x3a
−xb1 −xb2 −xb3 −xba
∣∣∣∣∣∣∣∣ ,
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(P4): for any 1 ≤ a < b < c ≤ n,
(−x123 + x132)(−2xabc + xaxbxc − xaxbc − xbxac − xcxab)−
∣∣∣∣∣∣∣∣
−x1 −x1a −x1b −x1c
−x2 −x2a −x2b −x2c
−x3 −x3a −x3b −x3c
2 −xa −xb −xc
∣∣∣∣∣∣∣∣ .
Here we have a remark on indices. It follows from the SL2(C)-trace identity that even
if the indices 1, 2, 3 in (P1) through (P4) are replaced with any 1 ≤ i < j < k ≤ n, then
corresponding polynomials, which we call sisters of (P1) through (P4), remain 0 for any
characters χρ ∈ X(Fn) (refer to [9]). In the other words, [9] shows that their sisters are
generated by (P1) through (P4).
Now the defining polynomials of the cross-section S0(Fn) ofX(Fn) with the hyperplanes
defined by xi = 0 (1 ≤ i ≤ n), which we call the trace-free slice of the free group Fn simply,
is obtained by substituting xi = 0 (1 ≤ i ≤ n) to (P1) through (P4).
• By (P1), Pabc = 0 and Qabc = −12
∣∣∣∣∣∣
xaa xab xac
xba xbb xbc
xca xcb xcc
∣∣∣∣∣∣ hold for trace-free representa-
tions. So we have
(Q1) : x2abc −
1
2
∣∣∣∣∣∣
xaa xab xac
xba xbb xbc
xca xcb xcc
∣∣∣∣∣∣ (1 ≤ a < b < c ≤ n).
• There exists no change in (P2). Namely,
(Q2) :
∣∣∣∣∣∣∣∣
x11 x12 x1a x1b
x21 x22 x2a x2b
xa1 xa2 xaa xab
xb1 xb2 xba xbb
∣∣∣∣∣∣∣∣ (3 ≤ a < b ≤ n),
where we call (Q2) = 0 the rectangle relations and denote it by (R) as in Theorem
2.1.
• There exists no change in (P3). Namely,
(Q3) :
∣∣∣∣∣∣∣∣
x11 x12 x13 x1a
x21 x22 x23 x2a
x31 x32 x33 x3a
xb1 xb2 xb3 xba
∣∣∣∣∣∣∣∣ (4 ≤ a < b ≤ n).
• For any 1 ≤ i < j < k ≤ n and 1 ≤ a < b < c ≤ n,
(−x123 + x132)(−2xabc)−
∣∣∣∣∣∣∣∣
0 −x1a −x1b −x1c
0 −x2a −x2b −x2c
0 −x3a −x3b −x3c
2 0 0 0
∣∣∣∣∣∣∣∣ .
Here x132 = −x123 holds for trace-free representations, so we have
(Q4) : x123xabc − 1
2
∣∣∣∣∣∣
x1a x1b x1c
x2a x2b x2c
x3a x3b x3c
∣∣∣∣∣∣ (1 ≤ a < b < c ≤ n).
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In fact, if we unify (Q1) and (Q4) with their sisters as
(Q14) : xijkxabc − 1
2
∣∣∣∣∣∣
xia xib xic
xja xjb xjc
xka xkb xkc
∣∣∣∣∣∣ (1 ≤ i < j < k ≤ n, 1 ≤ a < b < c ≤ n),
where we call (Q14) = 0 the hexagon relations and denote it by (H), then it turns out
that (Q3) = 0 is derived from (H) and (R) as follows. If x123 = x12a = x13a = x23a = 0,
then (H) gives
(Q3) =
x123
2
(−xb1x23a + xb2x13a − xb3x12a + xbax123) = 0
So, we assume that one of x123, x12a, x13a, x23a is not zero. Say, suppose x123 6= 0. Then,
by (R) and (H) we have∣∣∣∣∣∣∣∣
x11 x12 x13 x1a
x21 x22 x23 x2a
x31 x32 x33 x3a
xa1 xa2 xa3 xaa
∣∣∣∣∣∣∣∣ =
x123
2
(−xa1x23a + xa2x13a − xa3x12a + 2x123) = 0.
This shows that one of x12a, x13a, x23a is not zero. If x12a 6= 0, then (H) and (R) give us
x12a
∣∣∣∣∣∣∣∣
x11 x12 x13 x1a
x21 x22 x23 x2a
x31 x32 x33 x3a
xb1 xb2 xb3 xba
∣∣∣∣∣∣∣∣ =
x12ax12b
2
(x31x23a − x32x13a + 2x12a − x3ax123)
= x12b
∣∣∣∣∣∣∣∣
x11 x12 x13 x1a
x21 x22 x23 x2a
x31 x32 x33 x3a
xa1 xa2 xa3 xaa
∣∣∣∣∣∣∣∣ = 0
So we obtain (Q3) = 0. The remaining cases can be shown similarly. Therefore the
following holds.
Proposition 3.1 (cf. [9]). For a free group Fn = 〈m1, · · · , mn〉, the trace-free slice S0(Fn)
is the algebraic set defined by the common solutions of (H) and (R).
3.2. A proof of Theorem 2.1. To show Theorem 2.1, we will make use of the Kauffman
bracket skein algebra2 (KBSA for short) of a 3-manifold [1, 25, 26, 27]. The KBSA of a
3-manifold M , denoted by K−1(M), is the quotient of the algebra over C generated by all
free homotopy classes of loops in M by the Kauffman bracket skein relations:
PSfrag replacements − −= ,PSfrag replacements−
=
= −2,
where in the first relation loops coincides each other outside dashed circles. The product
of two loops is defined by the disjoint union of them. Actually, a loop (a homotopy class of
a loop) s ∈ K−1(M) has the same properties as −tr(ρ(s)) for an unspecified representation
ρ : π1(M) → SL2(C). This gives the following correspondence between K−1(M) and the
coordinate ring C[X(π1(M)] of the character variety X(π1(M)). Here the coordinate ring
2This is the specialization of the Kauffman bracket skein module at the parameter t = −1.
6
C[V ] for an algebraic set V ⊂ CN with coordinates z1, · · · , zn is the ring generated by
the regular functions on V , which is isomorphic to the quotient polynomial ring by the
ideal IV generated by the polynomials vanishing on V :
C[V ] ∼= C[z1, · · · , zN ]/IV .
We remark that IV is a radical so the coordinate ring has only the trivial nilpotent element.
Note that IV is finitely generated. Since by Hilbert’s Nullstellensatz a generating set of IV
gives a set of polynomials whose common zeros coincide with V , we want to calculate the
generators of IS0(K) to show Theorem 2.1. The following theorems give us a topological
way to do it.
Theorem 3.2 ([1, 27]). For a compact orientable 3-manifold, there exists a surjective
homomorphism
ϕ : K−1(M)→ C[X(π1(M))]
defined by ϕ(γ) = −tγ for a loop γ ∈ K−1(M). Moreover Ker(ϕ) is the nilradical
√
0.
This gives K−1(M)/
√
0 ∼= C[X(π1(M))] and thus a way to calculate the coordinate
ring of the character variety using the Kauffman bracket skein theory. The next theorem
gives us a basic method to calculate the KBSA of an exterior EK . Suppose a knot K is
given by n-crossing diagram DK , and the exterior EK is decomposed into a handlebody
Hn of genus n and n 2-handles associated with DK . (See Figure 1 for example.)
xxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxx
2-handles
3-handle
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Figure 1. A decomposition of EK for K the figure-8 knot 41 and a de-
scription of attaching curves. Meridians of K are right-handed and the
orientation are shown by arrows on tubes.
Theorem 3.3 ([25]). We have
K−1(EK) ∼= K−1(Hn)〈
z − slb(z)
∣∣∣∣ z: any loop in K−1(Hn),b: any band connecting z to an attaching curve
〉 ,
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where slb(z) denotes the handle-slide of z along the band b connecting to an attaching
curve, and 〈∗〉 denotes the ideal generated by ∗.
Let m be a meridional loop in K−1(EK) and m1, · · · , mn be the standard longitudal
loops3 in K−1(Hn). We define the trace-free version K−1,TF (EK) and K−1,TF (Hn) by
K−1,TF (EK) = K−1(EK)/〈m〉, K−1,TF (Hn) = K−1(Hn)/〈m1, · · · , mn〉.
Then the map ϕ in Theorem 3.3 naturally induces the following.
Lemma 3.4. There exists a surjective homomorphism ϕ˜
ϕ˜ : K−1,TF (EK)→ C[S0(K)]
defined by ϕ˜(γ) = −tγ. Moreover, Ker(ϕ˜) is the nilradical
√
0.
Proof. Basically, we have the surjective homomorphism ϕ˜ by the quotient of ϕ
ϕ˜ : K−1,TF (EK)→ C[X(K)]/〈x〉,
where x = −tm. So we will show that C[X(K)]/〈x〉 = C[S0(K)] holds. Since S0(K) =
X(K) ∩ {x = 0} by definition, we have
IS0(K) = IX(K)∩{x=0} =
√
IX(K) +
√
〈x〉 =
√
IX(K) + 〈x〉.
Then we obtain
C[S0(K)] ∼= C[x; xij ; xijk]/IS0(K)
= C[x; xij ; xijk]/
√
IX(K) + 〈x〉
∼= (C[x; xij ; xijk]/IX(K))/(√IX(K) + 〈x〉/IX(K))
∼= C[X(K)]/〈x〉.
Then Ker(ϕ˜) is
√
0 of K−1,TF (EK) since ϕ−1(〈x〉) = 〈m〉+
√
0 by Theorem 3.2. 
Lemma 3.5. With the same assumption as Theorem 3.3, we obtain
K−1,TF (EK) ∼= K−1.TF (Hn)〈
z − slb(z)
∣∣∣∣ z: any loop in K−1,TF (Hn),b: any band connecting z to an attaching curve
〉 .
Proof. Lemma 3.5 is essentially shown by calculating the quotients from Theorem 3.3.
K−1,TF (EK) = K−1(EK)/〈m〉
∼= K−1(Hn)〈m1, · · · , mn〉+ 〈z − slb(z)〉
∼= K−1(Hn)/〈m1, · · · , mn〉
(〈m1, · · · , mn〉+ 〈z − slb(z)〉)/〈m1, · · · , mn〉
∼= K−1,TF (Hn)〈
z − slb(z)
∣∣∣∣ z: any loop in K−1,TF (Hn),b: any band connecting z to an attaching curve
〉 .

3We would like to use the letter “m” for the loops instead of “l” because they corresponds to meridional
loops in K−1(EK).
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To prove Theorem 2.1 by using Lemmas 3.4 and 3.5, we look into two ideals in
K−1,TF (Hn) associated with DK , the sliding ideal SDK and the fundamental ideal FDK .
By Theorem 4.7 in [28], K−1(Hn) has the trivial nilradical and thus K−1(Hn) ∼= C[X(Fn)]
holds by Theorem 3.2. This immediately shows K−1,TF (Hn) ∼= C[S0(Fn)] (refer to
the proof of Lemma 3.4). In this perspective, we identify xi1···ik with the element of
K−1,TF (Hn) represented by a loop freely homotopic to mi1 · · ·mik .
SDK =
〈
z − slb(z)
∣∣∣∣ z: any loop in K−1,TF (Hn),b: any band connecting z to an attaching curve
〉
,
FDK =
〈
xak − xijxai + xaj : (F2),
xbck − xijxbci + xbcj : (F3)
∣∣∣∣ (i, j, k): any Wirtinger triple for DK1 ≤ a ≤ n, 1 ≤ b < c ≤ n
〉
.
By definition, SDK ⊃ FDK holds. We will first show that they coincide, i.e., SDK = FDK .
First, we isotope the handlebody Hn to the direct product of a n-punctured disk Dn
and an interval [0, 1]. Along with this isotopy, the attaching curves of 2-handles on the
boundary of Hn can be seen as curves on the boundary of Dn × [0, 1]. In this situation,
we will project the attaching curves to the punctured disk Dn×{0}, which are sometimes
depicted as cords for simplicity (see Figure 2). Note that in the projection we do not have
to care about the sign of a crossing, since we will consider the relations in the fundamental
group associated with the attaching curves (up to homotopy).
2
1
3
4
2
1
3
4
2
1
3
4
push inside
    turn
upside down 
4
draw the "cores"
PSfrag replacements
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Figure 2. Depictions of attaching curves as cords. A cross “×” on a cord
presents a crossing of the attaching curve.
Since the relations in Wirtinger presentations tell us that any attaching curve can be
seen as one of the following two types (see Figure 2):
, .
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In the following, we only consider the first type to show Theorem 2.1, since the case of
the second type will be the same story as the first case.
Step1 For a loop z ∈ K−1,TF (Hn), take a band b for a handle-slide slb(z)
z − slb(z) = z −
PSfrag replacements
resolve z by the skein relations
z
b
,
where the blank in the band b express omitting the way of b in part. The above way to
describe a handle-slide is called a band sum. We only consider non-twisted band sums
because z − slb×(z) for a band b× with a twist, connecting z and an attaching curve c,
can be reduced to −(z − slbo(z)) + z(c − (−2)), where bo is the band given from b× by
smoothing the twist. (Note that c−(−2) is expressed by c−slb′(c) for a non-twisted band
b′, connecting c and a copy of c.) We first resolve the loop z with b by the skein relations.
Since K−1,TF (Hn) ∼= C[S0(Fn)], as seen in tg(χρ), the loop z can be presented by a sum
z = © f +
∑
1≤i≤n
xi fi +
∑
1≤i<j≤n
xij fij +
∑
1≤i<j<k≤n
xijk fijk,
where f, fi, fij and fijk are elements in C[xij ; xijk]. Note that each of the rectangles
presents the loop to which the band b will connect. For example, by the skein relation we
have
PSfrag replacements
= +++ .
So, continuing this resolution until every loop is expressed by © = −2, xi = 0, xij or xijk,
we obtain the above expression with rectangles. Then slb(z) is resolved as follows:
PSfrag replacements
i
j
k
b0
b1
b2
b3
f +Σi
PSfrag replacements
i
j
k
b0
b1
b2
b3
fi +Σi,j
PSfrag replacements
i
jk
b0
b1
b2
b3
fij +Σi,j,k
PSfrag replac ments
i j
kb0
b1
b2
b3
fijk.
Thus z − slb(z) is
(©− slb0(©))f +Σi(xi − slb1(xi))fi +Σi,j(xij − slb2(xij))fij +Σi,j,k(xijk − slb3(xijk))fijk.
Therefore, any handle-slide can be generated by©−slb(©), slb(xi), xij−slb(xij), xijk−
slb(xijk) and thus we obtain
SK = 〈© − slb(©), slb(xi), xij − slb(xij), xijk − slb(xijk) | b: any band〉 .
Step2 Consider slb(x∗) for x∗ ∈ {©, xi = 0, xij , xijk}. If the band b is “winding”,
i.e., b goes around at least a puncture, then we can actually “straighten” b by the skein
10
relations:
x∗ − slb(x∗) = x∗ −
PSfrag replacements
a
b1
b2
b3 b
x∗a winding band
c
= x∗ −
PSfrag replacements
a
b1
b2
b3
b
x∗
a winding band
c
+
PSfrag replacements
a
b1
b2
b3
b
x∗
a winding band
c
+
PSfrag replacements
a
b1
b2
b3b
x∗
a winding band
c
= (x∗♯xa) (−slb1(xa))− (x∗ − slb2(x∗))− x∗ (−2− slb3(©))
where x∗♯xa denotes the band sum between x∗ and xa associated with the band c in the
above equation. Continuing this work until the winding bands disappear, we obtain the
sum for the band sum along unspecified non-winding bands ∗:
x∗ − slb(x∗) = Σi (−sl∗(xi)) f∗ + Σ(x∗ − sl∗(x∗)) g∗ + Σ(−2 − sl∗(©))h∗,
where f∗, g∗, h∗ ∈ C[xij ; xijk]. Hence, we see that
SK = 〈© − sl∗(©), sl∗(xi), xij − sl∗(xij), xijk − sl∗(xijk) | ∗: any non-winding band〉 .
Since for a loop x∗ ∈ {©, xi = 0, xij , xijk} there exist only finitely many non-winding
bands (up to homotopy) connecting x∗ to an attaching curve, this shows that SK is finitely
generated.
By the same argument, if sl∗(x∗) is a band sum of x∗ ∈ {©, xi = 0, xij, xijk} and an
attaching curve disjoint from x∗, then for any Wirtinger triple (p, q, r) we have
x∗ − slb(x∗) = x∗ −
PSfrag replacements
b
x∗
r
p q
= x∗ + (x∗♯xpr)xpq − (x∗♯xqr).
Since x∗♯xpr and x∗♯xqr can be described as elements in C[xij ; xijk] by the skein relations,
the resulting polynomial is generated by the fundamental relations (F2) and (F3). For
example, if x∗ = xi = 0, then for i < p < q < r we have
xi − slb(xi) = (xi♯xpr)xpq − xi♯xqr = xiprxpq − xiqr = xirr − xpqxirp + xirq,
which is generated by (F3). The other cases are shown similarly, however, we note that
the resulting expressions depend on the magnitude relation on i. When x∗ = xij , for
i < j < p < q < r we have
xij♯xpr = xijpr =
1
2
(xipxjr − xijxpr − xirxjp),
xij♯xqr = xijqr =
1
2
(xiqxjr − xijxqr − xirxjq),
and thus xij − slb(xij) is equal to
xij + (xij♯xpr)xpq − (xij♯xqr) = −1
2
xjr(xir − xipxpq + xiq) + 1
2
xij(2− xprxpq + xqr)
+
1
2
xir(xjr − xjpxpq + xjq),
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which is generated by (F2). The other cases are the same as the above. When x∗ = xijk,
similarly we can apply
xabcde =
1
2
(xbexacd − xaexbcd − xabxcde − xcdxabe) (1 ≤ a < b < c < d < e ≤ n)
to resolve xijk♯xpr and xijk♯xqr. For the case i < j < k < p < q < r, we see that
xijk − slb(xijk) is
xijk + (xijk♯xpr)xpq − (xijk♯xqr) = −1
2
xjq(xikr − xpqxikp + xikq) + 1
2
xiq(xjkr − xpqxjkp + xjkq)
+
1
2
xij(xkqr − xpqxkpq + xkqq) + 1
2
xijq(xkr − xpqxkp + xkq),
which is generated by (F2) and (F3). Note that in the above calculation we apply
xijk = −xijkqq = −1
2
(xjqxikq − xiqxjkq − xijxkqq − xkqxijq).
The above arguments can be also applied to the case where x∗ and attaching curves
intersecting with x∗ to show that x∗ − slb(x∗) is generated by (F2) and (F3). So we omit
the details. Therefore, we can reduce the finitely many generators of SDK to (F2) and
(F3) and thus we obtain SDK = FDK .
We can now conclude Theorem 2.1. By Lemma 3.5 and SDK = FDK , we have
K−1,TF (EK) ∼= K−1,TF (Hn)/FDK =
K−1,TF (Hn)
〈xak − xikxai + xaj (F2), xabk − xijxabi + xabj (F3)〉 .
As mentioned previously, K−1(Hn) ∼= C[X(Fn)] holds. Then Proposition 3.1 and basic
calculations show that
K−1,TF (Hn) ∼= C[S0(Fn)] ∼= C[xij ; xijk]/
√
〈(R), (H)〉.
Finally, it follows from Lemmas 3.4 and 3.5 and basic calculations that
C[S0(K)] ∼= K−1,TF (EK)/
√
0 ∼= K−1,TF (Hn)/
√
FDK
∼= C[xij ; xijk]√
FDK +
√〈(R), (H)〉 =
C[xij ; xijk]√
FDK + 〈(R), (H)〉
=
C[xij ; xijk]√
〈(F2), (F3), (R), (H)〉 .
This means that the common zeros of (F2), (F3), (R) and (H) give the algebraic set
S0(K). Moreover, we can remove (F3) by using (F2) and (H), because a point (xab; xpqr)
satisfying (F2) and (H) must satisfy (F3): xabk = xijxabi − xabj for a Wirtinger triple
(i, j, k). Indeed, if all xpqr = 0, then (F3) is trivial. If there exists a coordinate xstu 6= 0,
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then we have
xstuxabk =
1
2
∣∣∣∣∣∣
xsa xsb xsk
xta xtb xtk
xua xub xuk
∣∣∣∣∣∣ = 12
∣∣∣∣∣∣
xsa xsb xijxsi − xsj
xta xtb xijxti − xtj
xua xub xijxui − xuj
∣∣∣∣∣∣
=
1
2
xij
∣∣∣∣∣∣
xsa xsb xsi
xta xtb xti
xua xub xui
∣∣∣∣∣∣− 12
∣∣∣∣∣∣
xsa xsb xsj
xta xtb xtj
xua xub xuj
∣∣∣∣∣∣
= xijxstuxabi − xstuxabj
= xstu(xijxabi − xabj).
Since xstu 6= 0, we obtain xabk = xijxabi − xabj . This completes the proof of Theorem 2.1.
3.3. Observations on S0(K) and an algebraic set F2(K). We will observe how the
equations (F2), (H) and (R) work to determine S0(K). From now on, we denote by F2(K)
the common solutions of the fundamental relations (F2) for the knot K. Though F2(K)
itself depends on the choice of the diagram ofK as an algebraic set, the geometric structure
does not depend on it up to biregular map, which will be revealed in its relationship to
degree 0 abelian knot contact homology. (See Proposition 4.2.) This justifies the notation
F2(K) as an invariant of knots.
Since the trefoil knot is too simple and symmetric, let us first observe the figure-
8 knot 41 with the diagram shown in Figure 1. Since we have 4 Wirtinger triples
(1, 3, 4), (2, 1, 4), (3, 1, 2), (4, 2, 3), by Theorem 2.1, at first there exist the following 16
fundamental relations (F2):
x14 = x13, x24 = x13x12 − x23, x34 = x213 − 2, 2 = x13x14 − x34,
x14 = x
2
12 − 2, x24 = x12, x34 = x12x23 − x13, 2 = x12x24 − x14,
x12 = x
2
13 − 2, 2 = x13x23 − x12, x23 = x13, x24 = x13x34 − x14
x13 = x24x14 − x12, x23 = x224 − 2, 2 = x24x34 − x23, x34 = x24.
By the elimination, we see that F2(41) is parametrized by x13 which satisfies
(x13 − 2)(x213 + x13 − 1) = 0.
Hence we obtain
F2(41) ∼=
{
x13 = 2, (−1±
√
5)/2
}
.
Moreover, this shows that F2(41) is isomorphic to S0(41) as follows. By the hexagon
relations (H),
xi1i2i3 · xj1j2j3 =
1
2
∣∣∣∣∣∣
xi1j1 xi1j2 xi1j3
xi2j1 xi2j2 xi2j3
xi3j1 xi3j2 xi3j3
∣∣∣∣∣∣ (1 ≤ i1 < i2 < i3 ≤ 4)(1 ≤ j1 < j2 < j3 ≤ 4) ,
we get
x123 = 0, x124 = 0, x134 = 0, x234 = 0,
and all satisfy (H). For example, the Wirtinger triple (3, 1, 2) gives us
x2123 =
1
2
∣∣∣∣∣∣
2 x12 x13
x21 2 x23
x31 x32 2
∣∣∣∣∣∣ = x12x13x23 − x212 − x213 − x223 + 4
= (x213 − 2)x213 − (x213 − 2)2 − x213 − x213 + 4 = 0.
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Then we immediately see that all point in F2(41) satisfy the rectangle relations (R), since
by the hexagon relations (H) the rectangle relation (R) can be written as∣∣∣∣∣∣∣∣
2 x12 x13 x14
x21 2 x23 x24
x31 x32 2 x34
x41 x42 x43 2
∣∣∣∣∣∣∣∣ =
x123
2
(−x41x234 + x42x134 − x43x124 + 2x123) = 0.
So every point in F2(41) lifts to a point in S0(41) and thus F2(41) ∼= S0(41). Note that to
get S0(41) in this process, we calculate F2(41) first and check the liftability second under
the hexagon and the rectangle relations.
PSfrag replacements C
(42)
C(
4
2)
C(
4
3)
0
F2(41) =
S0(41) =
We can also observe the case of K = 52. With the diagram below, we obtain
S0(52) ∼= F2(52) =
{
x14 ∈ C | (x14 − 2)
(
x314 + x
2
14 − 2x14 − 1
)
= 0
}
.
1
2
3 4 5
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Note that every point in F2(52) also lifts to a point in S0(52). Again we remark that to get
S0(52) we calculate F2(52) first and then we check the liftability second under relations
(H) and (R).
We can observe the case of K = 85 by computer. F2(85) consists of 11 points and S0(85)
consists of 12 points.
}9 points
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As seen in this example, in general, by the hexagon relations, a point in F2(K) lifts to
at most two points in S0(K). This gives the trace-free slice S0(K) a 2-fold branched
cover-like structure with respect to F2(K). Note that the branched points corresponds
to the characters of metabelian representations (see [22, Theorem 1]). Hence F2(K) and
S0(K) are not isomorphic as algebraic sets in general.
So far, we checked that S0(K) has a 2-fold branched cover-like structure of F2(K). This
view point of S0(K) plays an important role when we research Ng’s conjecture, which will
be looked into in Subsection 4.3.
4. An application of trace-free characters to abelian knot contact
homology
4.1. Degree 0 abelian knot contact homology. In [23], L. Ng constructed a homology
via a representation of braid groups coming from a framework of Legendrian contact
homology. This homology turned out to be a knot invariant, now known as the knot
contact homology. In this paper, we focus on the abelianization of its degree 0 part,
called degree 0 abelian knot contact homology. Ng discovered that this homology can be
calculated for any knot diagram, not necessarily a braid closure (see [24, Section 4.3]).
We just review the definition of degree 0 abelian knot contact homology from this view
point.
For any positive integer n, let Aabn denote the polynomial ring over Z generated by
indeterminates aij ’s (1 ≤ i < j ≤ n) with aii = −2 for all i. For a knot K in 3-space
R3 given by a knot diagram DK with n crossings, we define IDK ⊂ Aabn to be the ideal
generated by the elements alj + alk+ aliaij , where l = 1, · · · , n and (i, j, k) ranges over all
n Wirtinger triples of DK :
IDK = 〈alj + alk + aliaij | (i, j, k): any Wirtinger triple, l ∈ {1, · · · , n}〉 .
We notice that the generator of IDK is symmetric on the indices j and k for the same
reason as the fundamental relations (F2). Indeed, we have
aij + aik − 2aij = aik − aij ,
alk + alj + aliaik = alj + aik + aliaij − ali(aij − aik).
Now, degree 0 the abelian knot contact homology is defined as follows:
Definition 4.1 (degree 0 abelian knot contact homology (cf. Proposition 4.7 in [24])).
With the above setting, degree 0 abelian knot contact homology HCab0 (K) of a knot K is
defined to be the quotient polynomial ring Aabn /IDK :
Aabn /IDK =
Z[a12, · · · , ann−1]
〈alj + alk + aliaij ((i, j, k): any Wirtinger triple, l ∈ {1, · · · , n})〉 .
It follows from [24, Proposition 4.7] that HCab0 (K) is an invariant of knots, i.e., the
ring structure of Aabn /IDK up to isomorphism does not depend on the choice of a diagram
of K.
4.2. Algebraic set F2(K) and degree 0 abelian knot contact homology HC
ab
0 (K).
As seen previously, the trace-free slice S0(K) has a 2-fold branched cover-like structure
of the algebraic set F2(K):
F2(K) =
{
(x12, · · · , xnn−1) ∈ C(
n
2)
∣∣∣∣ xak − xijxai + xaj = 0(i, j, k): any Wirtinger triple, a ∈ {1, · · · , n}
}
(1)
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One can immediately see that the equations defining F2(K) have very similar descrip-
tions to the generators of IDK . This can be understood via Hilbert’s Nullstellensatz as
follows. (In fact, a similar understanding on this has been discovered earlier in [15].) The
coordinate ring C[F2(K)] has the following description:
C[F2(K)] =
C[x12, · · · , xnn−1]√〈xaj + xak − xaixij , (i, j, k): any Wirtinger triple, a ∈ {1, · · · , n}〉 .
Then it is clear that the map f : HCab0 (K) ⊗ C → C[F2(K)], defined by f(aij) = −xij ,
f(1) = 1, gives a homomorphism as ring. Then the kernel of f is obviously the nilradical√
0. Hence we have the following.
Proposition 4.2 (cf. Theorem 7.5 in [15]). For any knot K,
(HCab0 (K)⊗ C)/
√
0 ∼= C[F2(K)].
Since HCab0 (K) is an invariant of knots up to isomorphism fixing Z, so is F2(K)
4 by
Proposition 4.2,
4.3. Ng’s conjecture and ghost characters of a knot. Proposition 4.2 gives us a key
to the conjecture given by L. Ng in [24] concerned with degree 0 abelian knot contact
homology and the character variety of the 2-fold branched covering of S3 branched along
a knot. We will explain this below.
Let G(K) = 〈m1, · · · , mn | r1, · · · , rn〉 be a Wirtinger presentation and p : C2K → EK
the 2-fold cyclic covering of the knot exterior EK such that the image p(µ2) of the meridian
µ2 of C2K is the square m
2
1 of a meridian m1 of K. The 2-fold branched covering Σ2K
of S3 branched along K is constructed from C2K by filling a solid torus trivially (i.e.,
attaching the standard meridian of the boundary of the solid torus to µ2 of C2K). By
this construction, π1(Σ2K) ∼= π1(C2K)/〈〈µ2〉〉 holds, where 〈〈µ2〉〉 denotes the normal
closure of the group generated by µ2. Since the covering map p induces an injection
p∗ : π1(C2K)→ G(K), we have
π1(Σ2K) ∼= π1(C2K)/〈〈µ2〉〉 ∼= Im(p∗)/〈〈m21〉〉.
So the set R(Σ2K) of SL2(C)-representations of π1(Σ2K) is considered as
R(Σ2K) =
{
ρ∗ ∈ R(Im(p∗)) | ρ∗(m21) = E
}
,
where R(Im(p∗)) denotes the set of SL2(C)-representations of Im(p∗). Then the set
X(Σ2K) of characters of SL2(C)-representations of π1(Σ2K) is
X(Σ2K) = {χρ∗ | ρ∗ ∈ R(Im(p∗)), ρ∗(m21) = E},
and the character variety X(Σ2K) is considered as the image t(X(Σ2K)).
As mentioned in Section 2, the character variety X(Σ2K) is a closed algebraic set and
has the coordinate ring C[X(Σ2K)]. Basically, Ng’s conjecture says that HC0(K) ⊗ C
and C[X(Σ2K)] are isomorphic.
Conjecture 4.3 (Conjecture 5.7 in [24]). For any knot K, the homomorphism
g : HCab0 (K)⊗ C→ C[X(Σ2K)]
defined by g(aij) = −tmimj (1 ≤ i < j ≤ n), g(1) = 1, gives an isomorphism.
4This fact has been checked directly in [15].
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We remark that the coordinate ring always has the trivial nilradical so it is reasonable to
consider the nilradical quotient of the left hand side as a conjecture. Then, by Proposition
4.2, Conjecture 4.3 with this modification is equivalent to the following: for any knot K,
the homomorphism
h : C[F2(K)]→ C[X(Σ2K)]
defined by h(xij) = tmimj (1 ≤ i < j ≤ n), h(1) = 1, gives an isomorphism. By basic
arguments in algebraic geometry, this is true if and only if the following holds.
Conjecture 4.4. For any knot K, the map5 h∗ : X(Σ2K) → F2(K), which satisfies
h(p)(z) = p(h∗(z)) for any p ∈ C[F2(K)] and z ∈ X(Σ2K), gives an isomorphism.
From now on, we will look into Conjecture 4.4 and the map h∗ : X(Σ2K) → F2(K)
including the well-definedness instead of Conjecture 4.3. The key to the map h∗ is the
fact that mimj (1 ≤ i < j ≤ n) in G(K), which appear in Conjecture 4.3, are elements
of Im(p∗). Topologically, we can find a loop γ in C2K whose homotopy class [γ] satisfies
p∗([γ]) = mimj as follows. Take the loop mimj with base point b. If we take a regular
Seifert surface S of K, which is isotopic to a disk with 2g braided bands by [13, Lemma
1.8], then the loop mimj can be taken up to homotopy so that it intersects with S in
exactly two points (see Figure 3).
* *PSfrag replacements
bb
SSS
NKNKNKNKNKNK
mimj
mimj
Figure 3. Patterns of the loop mimj (with base point b) intersecting with
S. NK denotes a tubular neighborhood of K.
In this setting, mimj has two lift to C2K which are homotopic in Σ2K by construction.
So, choose one of them and name it γ. This construction6 gives p∗([γ]) = mimj for the
homotopy class [γ], saying that mimj (1 ≤ i, j ≤ n) is contained in Im(p∗). In general,
the above argument can be generalized by the following Fox’s theorem.
Theorem 4.5 ([7], cf. [11]). For the knot group7 G(K) = 〈m1, · · · , mn | r1, · · · , rn−1〉
generated by n meridians m1, · · · , mn, we have
π1(Σ2K) ∼= 〈m1mi (2 ≤ i ≤ n) | w(rj), w(m1rjm−11 ) (1 ≤ j ≤ n− 1)〉,
where w(rj) (resp. w(m1rjm
−1
1 )) is the word given by interpreting rj (resp. m1rjm
−1
1 )
with the generators m1mi’s.
Theorem 4.5 is shown basically by the following presentation of Im(p∗)
Im(p∗) ∼= 〈m1mi, mim−11 (1 ≤ i ≤ n) | w(rj), w(m1rjm−11 ) (1 ≤ j ≤ n− 1)〉
5The map h is the pull-back by h∗.
6A similar construction has been found earlier in [24] to define the map g.
7This is not necessarily a Wirtinger presentation of G(K).
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using the coset decomposition G(K) = Im(p∗) ∪ Im(p∗)m1 derived from the short exact
sequence of the 2-fold cyclic (regular) covering C2K and the injection p∗
1→ π1(C2K) p∗−→ G(K) φ−→ Z/2Z→ 1.
Then the quotient8 by 〈〈m21〉〉 gives the presentation in Theorem 4.5. (For more details,
refer to [7]. See also [11].)
By the presentation in Theorem 4.5, the character variety X(Σ2K) has the following
description through the map t applied in Section 2. Set the following for simplicity:
ya = tm1ma(χρ),
yab = t(m1ma)(m1mb)(χρ),
yabc = t(m1ma)(m1mb)(m1mc)(χρ),
where ρ : π1(Σ2K) → SL2(C) means an unspecified representation. Then as seen in
Section 2, it follows from [9] that
X(Σ2K) =
(ya; ybc; ydef) ∈ Cn−1+(
n−1
2 )+(
n−1
3 )
∣∣∣∣∣∣∣∣
χρ ∈ X(Σ2K)
2 ≤ a ≤ n
2 ≤ b < c ≤ n
2 ≤ d < e < f ≤ n
 .
Note that by the SL2(C)-trace identity we have
yab = yayb − tmamb(χρ),
yabc = (yayb − tmamb(χρ))yc − t(m1mb)(mcma)(χρ).
Hence resetting
zab = t(mamb)(χρ), zabcd = t(mamb)(mcmd)(χρ),
we can change the above coordinates of X(Σ2K) to
X(Σ2K) =
(zab; z1cde) ∈ C(n2)+(n−13 )
∣∣∣∣∣∣
χρ ∈ X(Σ2K)
1 ≤ a < b ≤ n
2 ≤ c < d < e ≤ n
 .(2)
By (2), the map h∗ : X(Σ2K)→ F2(K) is expressed concretely by
h∗((zab; z1cde)) = (zab),
just a projection, because for any 1 ≤ i < j ≤ n we have
xij(h
∗((zab; z1cde))) = h(xij)(zab; z1cde) = tmimj ((zab; z1cde)) = zij .
Note that h∗ is well-defined since for any Wirtinger triple (i, j, k) and any 1 ≤ a ≤ n,
mamk = (mami)(mjmi) and m
2
a = 1 holds in π1(Σ2K)
∼= Im(p∗)/〈〈m21〉〉 and thus for any
character χρ∗ ∈ X(Σ2K) we have
tmamk(χρ∗) = tmami(χρ∗)tmimj (χρ∗)− tmamj (χρ∗).
This shows that (zab) = (tmamb(χρ∗)) satisfies the fundamental relations (F2) for G(K).
Therefore (zab) is a point in F2(K).
Now, we try to understand Conjecture 4.4 by the map Φ̂ : S0(K) → X(Σ2K) con-
structed in [22]. For χρ ∈ S0(K) and g ∈ π1(Σ2K), Φ̂ is defined by
Φ̂(χρ)(g) = (
√−1)α(p∗(g))χρ(p∗(g)),
8We may take any meridian mi (i 6= 1) instead of m1, since any meridians are conjugate.
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where α : G(K) → H1(EK) = 〈m1〉 ∼= Z denotes the abelianization. (The map Φ̂ is one-
to-one for the characters of metabelian representations and two-to-one for the others. For
more details, refer to Theorem 1 in [22].) Using the expression (2), we can describe the map
Φ̂ as the following polynomial map. For any trace-free character χρ = (xij ; xijk) ∈ S0(K),
Φ̂((xij ; xijk)) =
(
tmamb(Φ̂(χρ)); t(m1mc)(mdme)(Φ̂(χρ))
)
=
(
xab;
1
2
(x1cxde + x1excd − x1dxce)
)
,
since for any trace-free character χρ ∈ S0(K) we have
tmamb(Φ̂(χρ)) = tmamb((
√−1)2χρ) = tmamb(−χρ) = −tmamb(χρ),
t(m1mc)(mdme)(Φ̂(χρ)) = tm1mcmdme((
√−1)4χρ) = tm1mcmdme(χρ)
=
1
2
(tm1mc(χρ)tmdme(χρ) + tm1me(χρ)tmcmd(χρ)− tm1md(χρ)tmcme(χρ)).
This means that the image of any point (xij ; xijk) in S0(K) under the map Φ̂ is determined
by the coordinates (xij). So projecting S0(K) to F2(K) by omitting the coordinates (xijk),
which projection is denoted by q, we obtain the polynomial map r : Im(q) → X(Σ2K)
defined by
r(xij) = Φ̂(q
−1((xij))) =
(
xab;
1
2
(x1cxde + x1excd − x1dxce)
)
.
By the description, the map r is clearly injective. Hence we notice that Im(q) and Im(Φ̂)
have one-to-one correspondence9 through the map r. Hence we have the following.
Proposition 4.6. If the maps q and Φ̂ are surjective, then h∗ ◦ r = idF2(K) and r ◦ h∗ =
idX(Σ2K) hold and thus F2(K) and X(Σ2K) are isomorphic. Consequently, Conjecture 4.4
is true for those cases.
It has been shown that Φ̂ is surjective for the 2-bridge knots [22, Theorem 1, Lemma 23]
(see also [16, Theorem 1.3]) and the pretzel knots [22, Proposition 14], which are 3-bridge
knots. More generally, it follows from the description (2) that the map Φ̂ is surjective for
any 3-bridge knots, which will be shown in Theorem 4.9 (1).
On the other hand, as observed in Section 3.3, the map q : S0(K)→ F2(K) is surjective
for several knots. Does this hold for any knot? If there exists a point in F2(K) whose
preimage under q is empty, which “does not lift” to S0(K), then we call it a ghost character
of K.
Definition 4.7 (Ghost characters of a knot). If a point (xij) ∈ F2(K) does not satisfy
one of (H) and (R), then we call the point (xij) a ghost character of K.
By definition, if K has no ghost characters, then the map q must be surjective. We can
observe that (H) and (R) for a Wirtinger presentation are naturally reduced to those for
a bridge presentation by (F2). Then we will see the following.
Theorem 4.8. Any knot K with bridge index less than 4 does not have ghost characters.
9It is not hard to show that these sets are closed algebraic sets. So the one-to-one correspondence
gives a biregular map between them.
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Figure 4. A landscape around X(Σ2K) and F2(K) with a ghost character.
Proof. Let K be a 3-bridge knot given by an n-crossing diagram D in a 3-bridge posi-
tion. Suppose that by the Tietze transformations on a Wirtinger presentation G(K) =
〈m1, · · · , mn | r1, · · · , rn〉, we obtain the 3-bridge group presentationG(K) = 〈m1, m2, m3 |
r1, r2〉.
...
...
...
...
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Figure 5. Pulling down the arc ck in xak corresponding to mk and the
fundamental relation induced by the pulling-down and the trace-free Kauff-
man bracket skein relations. The orientation of meridians are determined
so that they are conjugate.
In this setting, by the elimination using the fundamental relations again and again, we
will show that
F2(K) ∼= {(x12, x13, x23) ∈ C3 | (A), (B)},
where (A) and (B) are equations defined below. We start with the elimination of xan
by applying xan = xpqxap − xaq for a Wirtinger triple (n, p, q) to the right hand sides
of the other (F2). We continue this elimination from xa,n−1 to xa4. Then xan, · · · , xa4
(1 ≤ a ≤ n) are described by polynomials in the polynomial ring R = C[x12, x13, x23].
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In fact, this elimination process can be understood topologically as follows. First, by
extending the notation slightly, we identify xij with a loop in EK freely homotopic tomimj
by Theorem 3.2. Then, as seen in Figure 5, a fundamental relation can be understood
topologically as sliding the corresponding loop at the corresponding crossing of D and
resolving “the winding part” by the trace-free Kauffman bracket skein relation:
PSfrag replacements knot
= ++
.
More precisely, we think of the loop xak as the union of two arcs ca and ck corresponding
to ma and mk respectively. Then slide ck along the kth arc of D with fixing ca and resolve
the winding part (the part of slided loop going under the ith arc of D) by the following
trace-free Kauffman bracket skein relation:
PSfrag replacements
ca ∪ ck
sliding
i j
k
ca ∪ ci
xij
ca ∪ cj
=
PSfrag replacements
ca ∪ ck
sliding
i j
k
ca ∪ ci
xij
ca ∪ cj
−
PSfrag replacements
ca ∪ ck
sliding
i j
k
ca ∪ ci
xij
ca ∪ cj
.
Each of the resulting loops is freely homotopic to mami or mamj or mimj . So we obtain
the fundamental relation xak = xijxai − xaj . We continue this topological operation until
the loop under consideration is described by a polynomial in R.
On this topological elimination process, we notice that the resulting polynomial can be
also obtained by sliding the arc to the bottom of D first and resolving the winding parts
along the way “associated with the fundamental relations” second. (Note that the order
of slidings and resolvings are different from the original process.) In this case, there might
be several ways to resolve the winding parts and thus several polynomial expressions as
the elimination, however, the fundamental relations indicate a unique way to resolve the
winding parts. (For example, mark every winding part with a natural number in order
when it appears and continue this operation until the sliding is finished, then resolve the
marked winding parts in order. If there exists a mark which is not a winding part any
more in the final position, then we erase the mark and skip the resolving.) By this we
mean the way associated with the fundamental relations. This understanding is applied
below. Here we summarize the topological elimination process for xij (1 ≤ i ≤ j ≤ n)
case by case.
(1) For xij (4 ≤ i ≤ j ≤ n− 3), slide xij all the way to the bottom of D and resolve
the winding parts along the way associated with the fundamental relations. The
resulting polynomial in R gives the elimination of xij . Since the process for xii
gives the trivial expression xii = 2, we can omit them.
(2) For xij (i < n − 2 ≤ j), there exist 2 cases for sliding xij , because we have 2
options to choose the arc cj as follows:
PSfrag replacements
mj mj
or
.
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Denote by Rj(xij) (resp. Lj(xij)) the resulting polynomial in R when choosing the
right side arc (resp. the left side arc) as cj , sliding the loop xij to the bottom of
D and resolving the winding parts along the way associated with the fundamental
relations. They are the same by definition, so we have Rj(xij) = Lj(xij), which
gives the expression of xij as a polynomial in R and one of the defining equations
of F2(K).
(3) For xij (n − 2 ≤ i < j), there exist 4 cases for sliding xij , because of the same
reason as Process (2). In the same manner as the above, we denote by RiRj(xij),
RiLj(xij), LiRj(xij) and LiLj(xij) the resulting polynomials in R when choosing
both the right side arcs, the right side and the left side arcs, the left side and the
right side arcs and both the left side arcs as ci and cj , respectively. Then we have
RiRj(xij) = RiLj(xij), RiRj(xij) = LiRj(xij),
RiLj(xij) = LiLj(xij), LiRj(xij) = LiLj(xij).
They give the expression of xij as a polynomial in R and some of the defining
equations of F2(K).
(4) For xij (n − 2 ≤ i = j), we only need to consider the case RiLj(xij), because
RiRj(xij) and LiLj(xij) give the trivial expression xii = 2. Then we obtain
RiLj(xij) = 2, which gives the remains of the defining equations of F2(K).
By the above argument, we can define a biregular map (an isomorphic projection)
i : F2(K)→ Im(i) ⊂ C3, (x12, · · · , xn−1,n) 7→ (x12, x13, x23). Then the resulting equations
in Processes (2), (3) and (4) turn out to be the defining equations of Im(i). Hence we
obtain
F2(K) ∼= {(x12, x13, x23) ∈ C3 | (A), (B)},
where (A), (B) are the equations defined above, that is:
(A): for i < n− 2 ≤ j, Rj(xij) = Lj(xij),
(B): for n− 2 ≤ i ≤ j, RiRj(xij) = RiLj(xij), RiRj(xij) = LiRj(xij),
RiLj(xij) = LiLj(xij), LiRj(xij) = LiLj(xij).
We notice that the above expression of F2(K) can be naturally generalized for a knot K
given by an n-crossing diagram in m-bridge position as in Figure 5:
F2(K) ∼=
{
(x12, · · · , xm−1,m) ∈ C(
m
2 )
∣∣∣∣ (A) (1 ≤ i < n−m+ 1 ≤ j ≤ n)(B) (n−m+ 1 ≤ i ≤ j ≤ n)
}
.
By the same argument as Process (2), for xap (p ≥ 4) if we slide the arc cp in xap
to the bottom of D, then we have xap =
∑3
i=1 fpixai (fpi ∈ R). So it follows that for
3 ≤ p < q ≤ n,∣∣∣∣∣∣∣∣
2 x12 x1p x1q
x21 2 x2p x2q
xp1 xp2 2 xpq
xq1 xq2 xqp 2
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
2 x12 2fp1 + fp2x12 + fp3x13 2fq1 + fq2x12 + fq3x13
x21 2 fp1x21 + 2fp2 + fp3x23 fq1x21 + 2fq2 + fq3x23
xp1 xp2 fp1xp1 + fp2xp2 + fp3xp3 fq1xp1 + fq2xp2 + fq3xp3
xq1 xq2 fp1xq1 + fp2xq2 + fp3xq3 fq1xq1 + fq2xq2 + fq3xq3
∣∣∣∣∣∣∣∣ = 0.
This implies that there exist only the trivial (R) for a 3-bridge knot K. Moreover, we
see that (H) consists essentially of
x2123 =
1
2
∣∣∣∣∣∣
x11 x12 x13
x21 x22 x23
x31 x32 x33
∣∣∣∣∣∣ .
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For example, we have∣∣∣∣∣∣
xsp xsq xsr
xtp xtq xtr
xup xuq xur
∣∣∣∣∣∣ =
∣∣∣∣∣∣
Σ3i=1fpixsi Σ
3
j=1fqjxsj Σ
3
k=1frkxsk
Σ3i=1fpixti Σ
3
j=1fqjxtj Σ
3
k=1frkxtk
Σ3i=1fpixui Σ
3
j=1fqjxuj Σ
3
k=1frkxuk
∣∣∣∣∣∣
=
3∑
i,j,k=1
fpifqjfrk
∣∣∣∣∣∣
xsi xsj xsk
xti xtj xtk
xui xuj xuk
∣∣∣∣∣∣ =
∑
σ∈S3
(−1)ǫ(σ)fpσ(1)fqσ(2)frσ(3)
∣∣∣∣∣∣
xs1 xs2 xs3
xt1 xt2 xt3
xu1 xu2 xu3
∣∣∣∣∣∣
=
∣∣∣∣∣ fp1 fp2 fp3fq1 fq2 fq3fr1 fr2 fr3
∣∣∣∣∣
∣∣∣∣∣ xs1 xs2 xs3xt1 xt2 xt3xu1 xu2 xu3
∣∣∣∣∣ =
∣∣∣∣∣ fp1 fp2 fp3fq1 fq2 fq3fr1 fr2 fr3
∣∣∣∣∣
∣∣∣∣∣ fs1 fs2 fs3ft1 ft2 ft3fu1 fu2 fu3
∣∣∣∣∣
∣∣∣∣∣ x11 x12 x13x21 x22 x23x31 x32 x33
∣∣∣∣∣,
where ǫ(σ) denotes the sign of the permutation σ. So (x123, · · · , xijk, · · · , xn−2,n−1,n) is
given by(
x123, · · · ,±
∣∣∣∣∣ fi1 fi2 fi3fj1 fj2 fj3fk1 fk2 fk3
∣∣∣∣∣x123, · · · ,±
∣∣∣∣∣ fn−2,1 fn−2,2 fn−2,3fn−1,1 fn−1,2 fn−1,3fn,1 fn,2 fn,3
∣∣∣∣∣x123
)
,
where the double signs correspond to one another. Therefore, all points of F2(K) lift to
S0(K) for any 3-bridge knots. The same argument shows the same result for a 2-bridge
knot. Consequently, K with bridge index less than 4 does not have ghost characters. 
Therefore Conjecture 4.4 is true for 2-bridge10 and 3-bridge knots by Proposition 4.6.
(See Theorem 4.9 (1).) A computer experiment shows that there exist 4-bridge and 5-
bridge knots which have ghost characters. We will discuss this topic in detail in [20, 21]
and more.
4.4. Ghost characters as an obstruction for Conjecture 4.4 to be true. As men-
tioned above, a computer experiment shows that there exist 4-bridge and 5-bridge knots
which have ghost characters. So we cannot expect optimistically from Theorem 4.8 that
Conjecture 4.4 is true. At the end of this paper, we will give criteria using the ghost
characters to check whether or not Conjecture 4.4 is true and the map Φ̂ is surjective.
Theorem 4.9. For a knot K, the followings hold.
(1) If K is a 2-bridge knot or a 3-bridge knot, the map Φ̂ : S0(K) → X(Σ2K) is
surjective. Consequently, Conjecture 4.4 is true for those knots. (See Proposition
4.6.)
(2) If K has a ghost character g ∈ F2(K) such that (h∗)−1(g) is not empty, then the
map Φ̂ : S0(K)→ X(Σ2K) is not surjective.
(3) If K has a ghost character g ∈ F2(K) such that (h∗)−1(g) is empty, then Conjec-
ture 4.4 does not hold.
Proof. (1) has been shown for the 2-bridge knots. For any 3-brige knot K, the map
q : S0(K) → F2(K) is surjective by Theorem 4.8. Then the map Φ̂ : S0(K) → X(Σ2K)
turns out to be surjective by the description (2) as follows. Any 3-bridge knot group
G(K) has a presentation 〈m1, m2, m3 | r1, r2〉 where mi (i = 1, 2, 3) are meridians of K.
In this situation, the process to obtain the description (2) shows that the coordinates
(z1cde) are uniquely determined by the coordinates (zab). Indeed, since G(K) has only 3
10The 2-bridge knot case was originally shown in [24]. Another proof can be found in [14, 15, 19].
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generators, by [9], t(m1ma)(m1mb)(m1mc)(χρ) for any representation ρ : π1(Σ2K) → SL2(C)
can be expressed as a polynomial in tm1m2(χρ), tm1m3(χρ) tm2m3(χρ). So we have
X(Σ2K) ∼= {(z12, z13, z23) ∈ C3 | χρ ∈ X(Σ2K)},
F2(K) ∼= {(x12, x13, x23) ∈ C3 | (A), (B)}.
In this setting, the map r = Φ̂ ◦ q−1 has the expression
r((x12, x13, x23)) = (x12, x13, x23).
Then Φ̂ must be surjective, since q is surjective and for any χρ = (z12, z13, z23) in X(Σ2K)
the subset q−1 ◦ h∗(χρ) ⊂ S0(K) is a non-empty set satisfying
Φ̂(q−1 ◦ h∗(χρ)) = r((z12, z13, z23)) = (z12, z13, z23) = χρ.
Therefore, by Proposition 4.6, Conjecture 4.4 is true for 3-bridge knots.
On (2), if K has a ghost character g = (x12, · · · , xnn−1) ∈ F2(K) such that (h∗)−1(g) is
not empty, then there exists a representation ρ : π1(Σ2K)→ SL2(C) satisfying tmimj (ρ) =
xij for all 1 ≤ i < j ≤ n. In this situation, the character χρ must be outside the image
of Φ̂, since if it is not, then the preimage Φ̂−1(χρ) is not empty and thus its projection to
F2(K) by the map q, which is g, is not a ghost character, a contradiction.
On (3), if K has a ghost character g = (x12, · · · , xnn−1) ∈ F2(K) such that (h∗)−1(g)
is empty, then h∗ is not an isomorphism and thus Conjecture 4.4 does not hold. 
In this perspective, we are now researching on ghost characters of knots. We have been
getting some results on Theorem 4.9. We will report them in [20, 21] and more.
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